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LOCAL SUBSEMIGROUPS AND VARIANTS OF
SOME CLASS OF SEMIGROUPS
SIJI MICHAEL1 AND P. G. ROMEO2
Abstract. For an element a in a semigroup S the local subsemi-
group of S with respect to a is the subsemigroup aSa of S and a
semigroup (S, ?a) where ?a is the sandwich operation x ?a y = xay
for all x, y ∈ S is a variant of S. In this paper we discuss the struc-
tures of local subsemigroups of full transformation semigroups and
symmetric inverse monoids. It is also shown that the set of all local
subsemigroups of finite symmetric inverse monoids and the set of
all variants of all finite symmetric inverse monoids are same upto
isomorphism.
Local subsemigroups and semigroup variants are two well known
constructions in semigroups. In [8], James East studied the link be-
tween these two and it is shown that in the case of full transformation
semigroup on a set X the two constructions lead exactly to the same
class of semigroups up to isomorphism. In this paper we discuss about
the structure of local subsemigroups of finite full transformation semi-
groups and symmetric inverse monoids. The structures studies are
carried out using the egg box diagrams ([2], [7]) obtained with the
semigroups package [10] for GAP [4].
1. PRELIMINARIES
In the following we briefly recall some basic notions and results con-
cerning finite transformation semigroups and symmetric inverse monoids.
A semigroup S is a nonempty set together with an associative binary
operation. An element x ∈ S is regular if xyx = x and yxy = y for
some y ∈ S and a semigroup S is called regular if all elements of S are
regular. An element x ∈ S is called an idempotent if x2 = x the col-
lection of all idempotents in S will be denoted by E(S). Two elements
of a semigroup S are said to be L ,R,J -equivalent if they generate
the same principal left,right,two sided ideals respectively.
The join of the equivalence relations L and R is denoted by D
and their intersection by H . These equivalence relations are of fun-
damental importance in the study of the structure of a semigroups
are introduced by J.A.Green and are known as Green’s relations. The
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egg-box diagram visualizes D-class structure of semigroup S using rect-
angular patterns. In each rectangular pattern (which corresponds to
each D-class) the rows corresponds to the R-classes and the columns
to L -classes contained in a D-class.
For a finite set X with |X| = n the set of all transformations of X
(ie., all functions X 7→ X) under the operation of composition of maps
is a the full transformation semigroup on X and is denoted as TX . It
is well known that TX is a regular semigroup. For f ∈ TX the image
and rank of f will be denoted by
im(f) = {f(x) : x ∈ X}
rank(f) = |im(f)|.
Symmetric inverse monoid on a finite set X is the set of all partial
bijections on X (ie., all bijections from a subset of X to a subset of
X) with composition of maps as the binary operation and is written
as ISX . The domain and range of a partial permutation α is denoted
as domα and ranα respectively. We denote the rank of empty partial
permutation as zero. Idempotents of ISX are the identity mappings
on each of the subsets of X. ie.,
E(ISX) = {1A : A ⊆ X}
.
Definition 1. ([8]) Let S be a semigroup, and a an element of S.
The set aSa = {axa : x ∈ S} is a subsemigroup of S called local
subsemigroup of S with respect to a.
Definition 2. ( [6]) Let S be a semigroup and a be an element of S. An
associative sandwich operation ?a can be defined on S by x ?a y = xay
for all x, y ∈ S.The semigroup (S, ?a) is called the variant of S with
respect to a and is denoted as Sa.
For a semigroup S if a ∈ S∗ then the variant of S with respect to a,
Sa ∼= S [5]. The variants of full transformation semigroups, semigroup
of binary relations, etc. are widely studied [3, 11].
2. Local Subsemigroups Of Full Transformation
Semigroups
This section we discuss the local subsemigroups of full transformation
semigroup on a finite set X.
Proposition 1. Let X be the set with |X| = n. For α ∈ TX with
rank(α) = m ≤ n. Then αTXα is a local subsemigroup of TX with
respect to α and its order is
|αTXα| = |Tm|.
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Proof. Let α ∈ TX define an equivalence relation piα such that for
x, y ∈ X, xpiαy if xα = yα. Then the equivalence classes is a partitions
domα and |X
piα
| = rank(α), also piα ⊆ piαβα. Since β varies between all
elements of TX , we get m choices for each partition in domα and hence
will have mm elements.

Corollary 1. For α ∈ TX where |X| = n, with rank(α) = n then
αTXα is same as TX .
Proof. It is clear that αTXα ⊆ TX . By the above proposition, we get
|αTXα| is same as |TX |. Hence αTXα is same as TX . 
Comparing egg box diagrams of local subsemigroups we have ob-
served that for each rank m there are only two structures obtained:
one is a full transformation semigroup of order m and another struc-
ture is a variant of full transformation semigrop of orderm. From [8] we
get that any local subsemigroup of finite full transformation semigroup
is isomorphic to a variant of a finite full transformation semigroup (may
be different). The following theorem states the same.
Theorem 1. Let n be a positive integer,and let a ∈ Tn with rank(a) =
r. Then
(1) aTna = T cr for some c ∈ Tr with rank(c) = rank(a2).
It is found that the local subsemigroups of full transformation semi-
groups can be classified using stabiliser and stable image of transfor-
mations.
Definition 3. [9] For α ∈ TX we can define the stable image of α
denoted as sim(α) by
sim(α) = {x ∈ X : x ∈ im(αn) for every n ≥ 0}.
Definition 4. [9] For α ∈ TX we define the stabiliser of α as the
smallest positive integer s ≥ 0 such that im(αs) = im(αs+1).
From the above two definitions it is clear that if α has the stabiliser
s then sim(α) = im(αs). By comparing the egg-box diagrams of local
subsemigroups of finite full transformation semigroups we obtained the
following results.
Proposition 2. Let α ∈ Tn with rank(α)= m ≤ n, and stabiliser of α
is 1 then αTnα is isomorphic to Tm.
Proof. From Theorem 1, it follows that αTnα ∼= T cm with rank(c) =
rank(α2) . Since stabiliser of α is 1, rank(α2) = rank(α) = m. c being
a permutation in Tm, T cm ∼= Tm. Hence, αTnα ∼= Tm.

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Example 1. Consider transformation α = (2432) ∈ T4. Then rank(α)
is 3 and the stabiliser of α is 1. Then by Proposition 2, local subsemi-
group of α is isomorphic to T3 (see figure 1).
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*
Figure 1. Egg-box diagram of local subsemigroup
when α = (2432)
Proposition 3. Let α, β ∈ Tn with rank (α)= rank(β) and the sta-
bilisers of α and β are not 1 then the local subsemigroups of α and β
are isomorphic.
The above proposition is illustrated in the following example.
Example 2. Consider transformations β, γ ∈ T4 such that β = (2343)
and γ = (1123). Then β, γ are of rank 3 and the stabilisers are 2 and
3 respecively (see figure 2).
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Figure 2. Egg-box diagrams of local subsemigroups
when β = (2343) and γ = (1123)
3. Local Subsemigroups and Variants
In the following we compare the structures of local subsemigroups
of symmetric inverse monoids. From here onwards we denote X =
{1, 2, · · · , n} and ISn denote symmetric inverse monoid on X.
Proposition 4. For α ∈ ISn with rank(α) = m |αISnα| equals |ISm| =∑m
k=0
(
m
k
)2
k!.
Proof. Let β ∈ ISn, then
dom(αβα) ⊆ dom(α)
and ran(αβα) ⊆ ran(α). That implies rank(αβα) ≤ rank(α).
Therefore all the elements of αISnα will be of rank ≤ rank(α). Then
there will be
(
m
k
)
different choices for dom(αβα) with rank k and
(
m
k
)
different choices for ran(αβα). For each domain and range, there will
be k! different bijections. Hence we have
(
m
k
)(
m
k
)
k! bijections of rank
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k. Since the rank can be varied from 0 to m, we get αISXα contains∑m
k=0
(
m
k
)2
k! elements. 
Proposition 5. For α ∈ ISn with rank(α ) = n local subsemigroup
αISnα is isomorphic to ISn.
Proof. Clearly αISnα ⊆ ISn.
For the reverse inclusion, let β ∈ ISn. Since rank(α) = n, α ∈ Sn.
Therefore there exists α−1 in ISn such that α−1βα−1 ∈ ISn which
implies α(α−1βα−1)α = β ∈ αISnα.
Therefore, ISn ⊆ αISnα. Hence the proof. 
Proposition 6. For α ∈ ISn with rank(α) < n and rank(α2) =
rank(α), then αISXα is isomorphic to ISA, where A = ran(α).
Proof. Let α ∈ ISn with rank(α) < n, and α be a permutation on a
subset A of X.
For β ∈ ISn, dom(αβα) ⊆ A and ran(αβα) ⊆ A which implies
αβα ∈ ISA. Therefore, αISnα ⊆ ISA. By result 2, they have the same
number of elements. Hence αISnα is isomorphic to ISA. 
Below, we describe the relation between local subsemigroups and
variants of finte symmetric inverse monoids. The following theorem
states the main result in this regard.
Theorem 2. Let n be a positive integer and let α ∈ ISn, with rank(α) =
r.Then
(1) αISnα ∼= IScr for some c ∈ ISr with rank(c) = rank(α2).
(2) ISαn ∼= βIS2n−rβ for some β ∈ IS2n−r, rank(β) = n and
rank(β2) = r.
Before proving theorem some results of variants of semigroups are
recalled below [8].
Lemma 1. Let a and b be regular elements of a semigroup S and define
the idempotents e = ab and f = ba. Then aSb = eSe and bSa = fSf .
Proof. It is clear that eSe = abSab ⊆ aSb. Let x ∈ aSb, then x = aub
where u ∈ S. Then x = abaubab = ab(aub)ab ∈ abSab = eSe. Hence,
aSb = eSe. Similarly the other part follows.

Lemma 2. If a and b are elements of a semigroup S satisfying a = aba
and b = bab then
(aSa, ·) ∼= (aSb, ?aab) ∼= (bSa, ?baa)
Lemma 3. If φ : S → T is a semigroup isomorphism and if c ∈ S,
then Sc ∼= T φ(c).
Proof. We have for a, b ∈ S, φ(ab) = φ(a)φ(b). Now,φ(a ?c b) =
φ(acb) = φ(a)φ(c)φ(b) = φ(a) ?φ(c) φ(b). Hence the result follows. 
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Proof of Theorem 2.
Proof. Let n be a positive integer and fix some α ∈ ISn with rank(α) =
r. Also write X = {1, 2, .., n}, Y = {1, 2, .., r} and Z = {1, 2, ..2n− r}.
Re-labeling if necessary we assume ranα = Y and we can write α =(
xi
i
)
, where xi ∈ X, i = 1, ..r.
(1) Let β be the unique inverse of α in ISX .Then e = αβ = 1domα.
α = αβα implies rank(α2) = rank(α2β). Now, by Lemma
2, (αISnα, ·) ∼= (αISnβ, ?ααβ). Also by Lemma 1, αISnβ =
eISne. And by Proposition 6, (αISnβ, ·) ∼= (eISne, ·) ∼= (ISY , ·).
Hence we get, αISnα = (αISnα, ·) ∼= (αISnβ, ?ααβ) ∼= (ISY , ?c) =
IScr where c = ααβ|Y . Also we get rank(c) = rank(α2).
(2) Define partial Transformations β, γ on Z by
β =
(
xi yj
i j
)
γ =
(
i j
xi yj
)
, where i = 1, ..r, j = n+ 1, ..2n− r and yj ∈ X\domα.
Then we get, β2γ = β2 =
(
xi
i
)
i=1,..r
.
Also, we may varify that βγβ = β and γβγ = γ. Then
by Lemma 2, (βISZβ, ·) ∼= (βISZγ, ?ββγ). Now we have, e =
βγ = 1X . By Lemma 1 and Proposition 6 , (βISXγ, ·) =
(1XISX1X , ·) = (ISX , ·). Also by lemma 3 and since ββγ|X = α
we get (βISZγ, ?ββγ) ∼= (ISX , ?α). From these we get,ISαn ∼=
(βISZγ, ?ββγ) ∼= (βISZβ, ·) = βIS2n−rβ where rank(β) = n
and rank(β2) = r.

Proposition 7. For α, β ∈ ISX with same rank such that rank(α2) =
rank(β2) then the local subsemigroups of α and β are isomorphic.
Proof. Let rank(α) = rank(β) = r. Then by Theorem 2, αISnα ∼= IScr
for some c ∈ ISr with rank(c) = rank(α2). Similarly we get βISnβ ∼=
ISdr for some d ∈ ISr with rank(d) = rank(β2). Theorem 1.1 of
[12] states that ISc ∼= ISd if rank(c) = rank(d). Since rank(α2) =
rank(β2), we get local subsemigroups of α and β are isomorphic. 
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